APPENDIX H Turbulence Model Equations

CFL3D has several turbulence model capabilities. Appendix H provides the derivation
for the advanced turbulence model equations. Be aware that while some variables in this
appendix are consistent with the rest of the manual (and are listed in the Nomenclature
section), many are introduced, defined, and used only in these sections and may or may
not appear in the Nomenclature listing. Also, for simplicity’s sake in this Appendix,

Re = ReiR.

H.1 Equations of Motion

Following Wilcox*¢, Favre!® averaging can be used with the Navier-Stokes equations to
account for turbulent fluctuations. The resulting equations of motion can be written using
the summation convention as follows. The full Navier-Stokes equations are shown here,
but in CFL3D, they are solved as the thin-layer approximation in pre-selected coordinate
direction(s). The ~ indicates a dimensional quantity.

0 0 ,--
a_?+a_5cj(pu]) =0 (H-1)
9 by + (i in) = - 92+ 0L )
ot ' axj Jt 0x; axj
0,-= 0 ,~~ -~ 0 ~~ =
E(pE) +a_5c](p“]H) = 6_56][”1-[1] qj+ l-IJ]] (H-3)
where
~ ~x a2 20 L2
p=(y- 1)[pE—§p(u +v 4+ w )} (H-4)
£ = é+%(a2+&2+w2) (H:5)
H = E+§ (H-6)
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APPENDIXH Turbulence Model Equations

P [ﬁa

- _L OH |
- 1Py PrTEBx

(H-7)

(H-8)

Note that the kinetic energy of the fluctuating turbulent field k is ignored in the defini-

tion of E in CFL3D (it is assumed that k << & + %(112 + 9+ fvz) ). Define

Also, the magnitude of vorticity is

Q = ZWijW,'j

The shear stress terms f,-j is composed of a laminar and a turbulent component as

~ ~L
T = 1

T
Y 7

+T;;
where
Lo 2“%’!} la’:‘k l]|:|
For all eddy-viscosity models in CFL3D, the following approximations are made:
2“T§’U 15?1( lJD
v iz 0

——  .T,- Hy 10U .
Note that Ui = -T;;/ P, or Zb i~ 36~ 51JD in this case.

Currently, for the nonlinear models in CFL3D,

(H-9)

(H-10)

(H-11)

(H-12)

(H-13)

(H-14)
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H.1 Equations of Motion

. u ~
Tij = 2|JT ij_ga—.;ck ijD_ 5pk61]+ (H-15)

qu = a:lﬂL IJ—TD% (H-16)

where k/¢€ is replaced by 1/ ® when the k - w equations rather than the k - € equations
are employed.

The Navier-Stokes equations are nondimensionalized and written in generalized coor-
dinates, as described Appendix F. For eddy-viscosity models, the end result is that the tur-
bulent Navier-Stokes equations are identical to the laminar equations with the exception
that

M is replaced by p + iy

B B Hr
and py 18 replaced by ot Prr
where [I is the eddy viscosity value obtained by whatever turbulence model is used, and

Pr = 0.72, Pry = 0.9. For the nonlinear models, both the above substitutions must be

made and the following additions as well. The term

P T T N - ST T
- gpkéz] + 2“TK1§(Sikaj - WikSkj) - ZHTKZE%ikSkj - gsklslkéijg

is added to fij in the momentum and energy equations and
0 QTDaf(
a—&j[ﬁ‘ "5, 00% ]]

is added to the energy equation. These additions are made in subroutines gf | uxv, hf I uxv,
and f f | uxv.
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APPENDIXH Turbulence Model Equations

H.2 Nondimensionalizations

The turbulence equations are nondimensionalized by the same reference quantities as
the Navier-Stokes equations: a,,, P> He »and Lg = L/ L,,s . The nondimensionalized

variables used with the turbulence models are:

_k TN ..
k== W= — Pz
Ao Pl Pk - .
~ ~ Moo
_ Hw _ P
€= — p == ~ 2
- 0,4
u=2 p = - p~2 Poeo (H-17)
A pooaoo ~x2
) ) p _ Pelr
X V] €T . .4
x=7 = Posos
R o -
. = ~ QL
1. = Uil f o e Q= .

H.3 Zero-equation Models

H.3.1 Baldwin-Lomax Model

(ivisc = 2)

The Baldwin-Lomax'® model is not a field-equation model; it is an algebraic model.
Because it is the original model employed in CFL3D, its implementation differs in many
respects from the more advanced models. First of all, it does not use the minimum distance
function as its length scale, like the other models. Instead, it uses a directed distance from
thei =1,j =1,k =1, i =idim, j = jdim, or k = kdim point along a constant index line.
For example, if the “body” is at k = 1, then the directed distance to a given point in the field

is the directed (normal) distance from k to k = 1, keeping i and j fixed. See

given
Figure H-1(a). The directed distance is
- -
d=r, h - To R (H-18)

- -
where r, is the vector from the origin to k and r|, is the vector from the origin to the

given
k = 1 point. Note that if grid lines curve significantly d can become negative as in
Figure H-1(b). If the grid lines do this, CFL3D currently does not allow the distance to go
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H.3.1 Baldwin-Lomax Model

negative. Instead, it computes d out to its maximum, then sets all distances thereafter to
that maximum value. However, if the grid behaves like the grid in Figure H-1(b), the Bald-
win-Lomax model, which is inherently dependent on the grid structure, is probably not a
good choice anyway. The use of any of the other field-equation models is recommended
instead.

fixed i, j line

>
n

tixed i, j line

(a) (b) given d<0

Figure H-1. Directed distance schematic.

In the current implementation in CFL3D, if the grid contains multiple blocks, Baldwin-
Lomax should only be implemented on blocks that contain bodies. This restriction applies
to the Baldwin-Lomax model only. It does not apply to the more general field-equation
models.

For the Baldwin-Lomax model,

l'lT = MT, inner Yy < ycrossover
(H-19)

p‘T = “T, outer y > Yerossover

where Y _.oc0ver 18 the location along the constant index line where Wy ;.. exceeds

U, outer» marching away from the wall. The inner eddy viscosity is

2~[Re
uT, inner — pl Q %Wm% (H-20)
where Q is the magnitude of the vorticity and
I = y[l- exp(—y+/26)] (H-21)
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Since it now appears to be fairly widely accepted that the definition of y* for the damp-
ing term needs to be modified in Baldwin-Lomax to give better answers when there are
large temperature gradients near the wall,

y = —=y (H-22)

is used rather than

y = - y (H-23)

Nondimensionally, this becomes

+
z
~—
=
|
=
Q
m

y = m y% (H-24)
The outer eddy viscosity is
He outer = 0.0168(1.6)pFwakeFk,ebg~\ZeE (H-25)
where
Fake = min[y, .. .F, .. l'oymaxujif/Fmax] 26

F(y) = yQ[1-exp(-y*/26)]

In wakes, exp(-y'/26) is set to zero. F max 18 the maximum value of F(y) that occurs in

aprofileand y,, . is the value at which F, . occurs. Also,

[D-3y[?}‘1
F,,, = [1 + 55522
e [b/maxD

[ 2 2 2 [ 2 2 2
udif :( u +v +W)max_( u +v +W)min

The second term in u ;. is taken to be zero, except in wakes. The region for the search for

(H-27)

F, ., is currently bound by

02n,,,t1<n<038n,,.+1 (H-28)
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H.3.2 Baldwin-Lomax with Degani-Schiff Modification

where N, in this case, is the index direction away from the body.

H.3.2 Baldwin-Lomax with Degani-Schiff Modification

(ivisc = 3)

The Degani-Schiff'® modification to the Baldwin-Lomax model is an algorithmic
change which attempts to select the first occurrence of F, .. in a search from the wall out-
wards. This can be important when there is a vortex somewhere above the body surface. If
the code is not forced to select the F,, . in the boundary layer, it may choose a length scale

corresponding to the distance to the vortex, since often F can be larger in the vortex.

The test in CFL3D is very simple-minded and can often fail. However, it is quite diffi-
cult to find a test that works for all circumstances; so, for lack of anything better, the follow-

ing is used. Marching outward away from the body, F
if

is updated index by index. Then,

max

F<09F (H-29)

max’

the code stops searching.

H.4 One- and Two-equation Field-equation Models

All of the one- and two-equation model equations can be written in the general form

%(X) + uj%(X) = Sp+Sp+D (H-30)
J

where S; is a “production” source term(s), Sy, is a “destruction” source term(s), and D

represents diffusion terms of the form i[( ) ﬂ} . Note that S, and S, have been

ax] 6x]

grouped together rather loosely. In Spalart’s model in CFL3D, for example, part of Spalart’s
production term is grouped in S for convenience. In Menter’s model in CFL3D, the

cross-derivative term is grouped in S . In CFL3D, the S, terms are treated explicitly

>«

while the S, terms are linearized and treated implicitly. This is Spalart’s “third strategy.>>

All of the field-equation models are solved uncoupled from the Navier-Stokes equa-
tions. All of the models are solved in essentially the same fashion. Details are given in
“Solution Method” on page 299 in the form of an example.
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Also, all of the one- and two-equation models are based on incompressible turbulence
equations. No compressibility corrections have been added. Hence, for problems where the

turbulent Mach number, M| = N2k/a?, is high, these turbulence models may not be

applicable. Note that for most subsonic through low supersonic aerodynamic applications,
the incompressible forms of the turbulence models are generally expected to be valid.

All of the field equation models except for Wilcox k — w make use of the minimum dis-
tance function, or the distance to the nearest wall, snmi n. This distance differs from the
directed distance used by the Baldwin-Lomax model in that it does not follow grid lines and
can be computed across zone boundaries. Hence, it is more easily applicable to multiple
zone applications. The minimum distance function represents the distance to the nearest
viscous wall and takes into account grid skewness when computing the nearest wall-point
location (in subroutine f i ndni n_new). The exception is the Baldwin-Barth model which
uses a minimum distance algorithm (subroutine fi ndmi n) that does not take grid skew-
ness into account. (The reason for this exception is that the Baldwin-Barth model requires
other variables not currently implemented in subroutine f i ndni n_new)

H.4.1 Baldwin-Barth Model

(ivisc = 4)

The Baldwin-Barth® model solves a single field equation for a turbulent Reynolds num-
ber term R:

R OR Mo Vrp°R Mwe1 9 g 0R{

X L u 28 _ _ RP + —=) y TP X =2 O[] OX i

5 ufdxj (Ce f2-Ce) T %) - 0,2 Re 50, dejD (H-31)
j

where

1
(?e = (Cﬁz_ C81)7 (H-32)
Vp = CMRDID2 (H-33)
a ., 0
D, = 1-exp2-[ (H34)
0a™d
0, 0
D, = 1-exp D—y—JrD (H-35)
0a0
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H.4.2 Spalart-Allmaras Model

Ce, O Celq
fr = ot O - —C5— + D D,f1y/D,D, + (H-36)
e, U g,lky
* O, 0 O, 0 |0
2 LJrexp[TLy—[lD2+LJreXpD—y—[lD1 O
DD,(A* "0AD " Al 040 |0
Hp = PV (H-37)
K = 0.41 C81—1.2 CEZ_ZO
(H-38)
The production term P is given by
_ 2, P
but is approximated as
p DVT92 (H-40)
Hence, using the general form in Equation (H-30) with X = R,
Sp D(Cszf2 - Csl) C,D;D,QR (H-41)

2
Yo, PR Dol 04, 0RO )
Daxi Reosaxj dij

Since the Baldwin-Barth model requires y* (rather than just the minimum distance to
the wall), additional information about the nearest wall point needs to be stored as well as
the minimum distance function d. For simplicity, it is currently assumed that in the

regions where y* has an effect, these additional wall values are in the same grid zone as the
point in question.

H.4.2 Spalart-Allmaras Model

(ivisc = 5)

The Spalart-Allmaras®* model solves a single field equation for a variable V related to
the eddy viscosity through
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uT = p\A)fv1
where
3
£y = %
Y1 3 3
X + CV1
=V
X=9

The equation is

ov ov

a + Mja—x] = Cbl[l _ftz]QV

MO 1 )
0= 1,)f, 1,5 - Cu RS

My1 0

N
N ﬁaa_xj[(v T+ Cbz)")a_xj

(Note that Spalart’s trip function is not used.) Also,

2
ft2 = Ct3exp(—Ct4X )

d = distance to the closest wall = minimum distance function

1
C[rec e [0
A e B )
g +C, W,

g=r+ sz(r6— r)

where

(H-43)

(H-44)

(H-45)

(H-46)

(H-47)

(H-48)

(H-49)

(H-50)

(H-51)
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H.4.3 Wilcox k-Omega Model

. vf

S=Q+ R—VZ (H-52)
[JRe[] 2 2
EMXE< d
fv3 = no longer used (H-53)
X
=1- (H-54)
fvz 1+ val

CFL3D currently uses Spalart’s Version Ia*!. The fv3 term was employed as a smooth fix to
prevent S from going negative prior to 12/97, but was removed after an error was discov-

ered (S and fv2 were also different). The constants are

C, = 0.1355 o =2 C, = 0.622 K = 041
1 3 : C. =03
_ - C, =05 W )
Cw, = 2.0 c, =71 G, =12 ty
’ Y1 ' ’ (H-55)
Cy, (1+ Cbz) ‘
Cy, = F t— (note typo in ref. 34)
For the general form in Equation (H-30):
X =V (H-56)
Sp = Cbl[l —ftz]QO (H-57)
M0 1 Ui
Sp = EEC%[(I -f ) f+ ftz]K—2 - Cwlfw%D (H-58)
M,Ch, % Myl 9 9
D= e g0 Hel 01 ¢, )0 _
Re o axz * e 0‘6x.|:( * ( * bz) )axi| (H-39)

j ] ]

Note that in CFL3D, the S, and S, terms are grouped differently than Spalart’s. Part of

Spalart’s production term is grouped into S, because it has the common factor M/ Re,

like the other destruction terms.

H.4.3 Wilcox k-Omega Model

(ivisc = 6)
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For Wilcox’s*® model,

ok mMooD edRed, 10 Mook M er
ot ”Ja p PrRe 0 PGy 0" pa_xj[aJ okEBx]] OReC e
dw, 0w _ 1, Meg o 20Re, 10 10w Mer
or idx; " pP‘”DR 0P 0" ij[BH %Eﬁxj HRe - o

Hp = %( (H-62)

The production terms are approximated by

2

P, = U Q (H-63)
2
= pr (H-64)
The constants are
y=£- < B' = C, = 0.09

Cu 0&) CH - VO :
5. = 1/05 B = 0.075 (H-65)

k ' = 0.41

o,,=1/05

The minimum distance function d is not required by this model. However, at the present
time it is still computed and stored by CFL3D. For the general form in Equation (H-30),

Xk =k (H-66)

_ Ly orEren o

SD’k - _B,kw%%% (H-68)
— l 0 “TDa_k [{&om
P pa_x][Bl " o, [0x }DRe O (H-69)

and
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H.4.4 Menter’s k-Omega SST Model

Xw =W (H-70)
Sp,w = VQZH\I;I:E (H-71)
Spw = _szg\%e_g (H-72)

(H-73)

" 5,00x; /0RO
H.4.4 Menter’s k-Omega SST Model
(ivisc = 7)

Menter’s k-w model is assessed in reference 27. Note that there are two corrections to
this reference. Equation (1) should be

Ol; = K+ O,
(H-74)
O-Ept = MK+ O-Eth
and Equation (17) should be
I = max(2l;, M) (H-75)
The two equations for this model are
ok Mop_ 0,19 1g , Prodk | Mer
FT Ja - oPipet- PRl Br paxj[H” GkEBx]]DRe[ e
ow B gMooD 2[]ReD 10 Hrow]g¥en
or " Ja p Porire 0 PY B 0" pox, [E“omtaxjmzzem "
1 10k 0w Mep

r2l-F)5= 09,0, (Re

In this model, C,, is incorporated into the definition of w. The eddy viscosity is given by

_ . [Pk 31PkRer
Kt = mm[w, QFz DMD} (H-78)

The production terms are approximated by
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P, = UTQZ (H-79)

® YPQ2 (H-80)

&=
Il

The constants are calculated from @ = F,@, + (1 - F,)®,, where the @’s are the con-

stants:
y 31 K2 y, = Bz K2
1 -~ 2 = C_ -
Cu Gwl«/c_u H Gwz«/c_u
le = 1/0.85 OkZ = 1'0
O, = 1/0.5 Ou, = 1/0.856 (H-81)
B, = 0.075 B, = 0.0828
= 0.41 a, = 031
B' = CU = 0.09
F, = tanh(I")
I = min[max(l}, ), I,]
ro 500V Moorf ro_ 4pk r Jk Mep
1 = = 3
o “Rel d’c, (CDy_,) - CwdUReD
(H-82)
3 2 odkdw -20]
CDk—(,O = max%)o—waa— 1x10 0
F, = tanh(M )
M = max(2l,, )
For the general form in Equation (H-30),
X, =k (H-83)
o200
S puT ORe 0 (H-84)
Sp,k = —B’km%%% (H-85)
D = -2 )
k paxj[a‘l okEBx }DRe O (H-86)
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H.4.5 Abid k-Epsilon Model

and
Xp =W (H-87)
_ yorMen
Sp o = YQ Rz (H-88)
1 0k 0w
- - B R 201 o, S SOLRed -
_ 190 Hrdw] Mep
Dy = p_x[a‘l o, (B }DRe (F-20)
H.4.5 Abid k-Epsilon Model
(ivisc = 10)
For the Abid? k-&€ model, the equations are
ok ok 1 [MooD DReD 10 Mok TMer
ot " Midx, = oPkORe 0 800 pa_[BH-okEDx}DRe[ (o)
o€ oe _1p BM co[] eq, 10 Hrpoe [Moo[
ot " Yiox, o e0Re 0" szkf WD pa—xj[a” 0,0x |ORe T (o2
2
Hr = Cuf u% (H-93)
The production terms are approximated by
2
(H-94)
3 2
PS = Csll_(uTQ
The constants are
g, = 145 o, = 1.0
g, = 1.83 o, = 14 (H-95)
CH = 0.09

The damping functions are given by
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fu = [1+4(Re;"")]tanh (0.008Re,)

Re (H-96)
= O “°k0
£ = [1-ewF
where
2
Re_l_ = %
UE
(H-97)
Re p«/id[Re[]
k n OvO
where d is the distance to the nearest wall. For the general form in Equation (H-30),
X =k (H-98)
— - ZDZWOOD
Pk = puT ORe O (H-99)
SD’k B _85%% (H-100)
D, = —— -
k pax{a‘l OkEBx} (H-101)
and
X =€ (H-102)
— 1 € Zdwoolj
e = E)CEIEHTQ ORe U (H-103)
e’ ORe[]
Sp.e = _CSZEfZEfWOOD (H-104)
10 Hroe oo[]
D, =:-2% Hr0de 1oV _
& paxj[BJjLos xJ]DReD (H-105)

H.4.6 EASM Gatski-Speziale k-Omega Model

(ivisc = 8 and 12)
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H.4.6 EASM Gatski-Speziale k-Omega Model

EASM stands for Explicit Algebraic Stress Model.? Ivisc = 8 is the “linear” k — w ver-
sion, treated as an eddy viscosity model, whereas ivisc = 12 is the fully nonlinear k — w
version. The two versions obtain [ with identical methods. However, the nonlinear

model includes nonlinear terms added to the Navier-Stokes equations, whereas the linear
model does not. (Its effect is felt only through the pl term.)

The k - w equations are of the same form as in the Wilcox k - w model (Equation (H-
60) and Equation (H-61)). However, C

now a variable coefficient), so,

u is not incorporated into the definition of w (it is

k
(VEES Cupa) (H-106)
The constants are different as well:
o, = 14
o O, = 22
y =B- —D B = 1.0 (H-107)
Oun €y B =083
K = 041
The production terms are
_ 10y,
Pk ijax'
! (H-108)
w Tauz
Po VKTfJax

where T;E is given (dimensionally) in Equation (H-15). The variable CH and the coeffi-

cients K, and K, in Equation (H-15) are determined as follows:

3(1+ r]Z) + 0.2(r]6 + Z6) a (H-109)

C =
3+r]2+6Z2r]2+6Z2+r]6+Z6 !

U

1
aZ 5 (<9
n = a(sijsij) %{%E (H-110)
a s M
3 2 0
{ = 6(WI.J.\NI.J.) Dﬁ% (H-111)
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(H-112)

where

a, = 5-CE

Q
)
Il

_ché

(2-Cy)3
(H-113)

a3=(2—CQ§

_ & g’
g = D7+C5—1D

(Note that n, {, and o are just used here to denote terms in the equations and do not
reflect the definitions in the Nomenclature list.) Currently, the pressure-strain correlation
is modeled with the Speziale-Sarkar-Gatski (SSG) correlation, which uses:

C, = 68 C, = 1.25 Cs = 1.88

(H-114)
C, = 0.36 C, =04 C,H = 0.081
To improve convergence, the [l terms in T;E multiplying the nonlinear terms
1
SikWij = WirSy; and Sy Sy, - gsklslkézj
are replaced by
k
T C I~ _
K uPy (H-115)
where
,3(1+n%)+02x107°(n°+2%)
Cu' = 2 22 2. 6,60 (H-116)
3+n"+64 N +60 +n +¢
Also, the [ terms in the D, and D, diffusion terms are replaced by
w=C EbE (H-117)
T TR
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H.4.7 EASM Gatski-Speziale k-Epsilon Model

The minimum distance function d is not required by this model. However, at the present
time it is still computed and stored by CFL3D. For the general form in Equation (H-30),

Xk =k (H-118)

1 Tau dwooD

Spx = p z]ax ORe U (H-119)
Sp.x = ‘B'kw%\%‘e‘g (H-120)
10U Dok | Mapy
D, = — — [ (H-121)
k paxj|:%l [ﬁ }
and
X, = W (H-122)
_ 1w 10 M
Sp, 0 = kaT ax ORe O (H-123)
Sp,w = —szg%g (H-124)
1 6 0 UTEDGOO oo[]
D - _— 1 X
0 paxj{%H- O-Q)EPE ORe D (H-125)

H.4.7 EASM Gatski-Speziale k-Epsilon Model

(ivisc = 11)

The k - € version of the Gatski-Speziale EASM model® is only implemented as a non-

linear model. Its equations are identical to those of the Abid k — € model (Equation (H-91)
and Equation (H-92)), with

My = Cp — (H-126)

(There is no f " term.) The constants are
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C,, = 183
2
C, = _ (H-127)
1 2
O, /C“D o, = 13
K = 041
The production terms are
ou;
TV "
P = Tiigy,
3 (H-128)
3 e_1dY;
PS = Csll—(.[ij(gj

The variable C,,, and all constants are identical to those given for the EASM k - @ model

in “EASM Gatski-Speziale k-Omega Model” on page 286, except that w is replaced by
€/k. The damping functions are given by

Re
fz = [1 - €xp E_l_zkg} (H-129)
where
Rek = p_«}/lid%%g (H-130)

. T I . .
The Py terms in T;; multiplying the nonlinear terms are replaced in exactly the same way

as for the EASM k — w model. Also, the Y} terms in the Dy and D, diffusion terms are
replaced by

2
UTD = CHEBE;IS' (H-131)

For the general form in Equation (H-30),

X, =k (H-132)

_ 1 r0uMan
Spkc = “)Tij(gjgﬁg (H-133)
SD,k = —SS%E (H-134)
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H.4.8 EASM Girimaji k-Epsilon Model

10 [8 Mok | Mep
D, = =~ DJ+ — [ - (H-135)
k paxj[g oy [Px; |HRe U
and
X = € (H-136)
_ 1 € Tauz[{woom
SP € p 1k 1]ax DR€|:| (H-137)
g’ Re O
SD,£ = —ngilejwoolj (H-138)
100 plDge co[ ]
D, = —— U+ —[— |/ (H-139)
& paxj[g o, [Px; |URel

H.4.8 EASM Girimaji k-Epsilon Model

(ivisc =9 and 13)

The Girimaji*! version of the EASM k - € model is implemented both as a “linear”
(eddy-viscosity) (ivisc = 9) and “nonlinear” (ivisc = 13) version. The k - € equations are

ok ok Mo ORe], 1 0 Mok Mo
ot " iax, T pPkDReD 0,07 pox, [B“okuax}me[ (140
de 0e _ 1 Mep E_zmgg 190 Hroe 1Me
3t " "iax, ~ p eOReD” ek b0 pa—xj[a‘ " o, ox, }DRe e
&k p DaijDReD
2
Hp = —Glfu% (H-142)

The extra (0/k/0x j)z term in the € equation was added to replace the f, damping func-

) 2 D1 2
tion term on the € /k term, which is needed because € /k — oo at the wall. The con-
stants are
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The production terms are approximated by

The damping functions f, is

Ce = 144 o, = 1.0
(H-143)
e, = 1.83 o, =13
ou.
TV
(H-144)
g_1ou;
Py = sIETija
kdpR
fu = tan h[O OISIH p%wig} (H-145)

T;E is given (dimensionally) in Equation (H-15). However, K, and K, in that equation are

now given by

and

for

for

for

for

for

G,
K, = 22
1 Gl
(H-146)
K G
2 Gl
0
LL,
M =0 Gy = 02 2
(Ll) +2r]2(L4)
0
L;L
1 142
L =0 Gy = 02 2 2 2
(Ll) +‘n1(L3) +2n2(L4)
1 (H-147)
p>0 G =-P+B0s ﬁﬁ b g
D<0,b<0 Glz—*+2Jico[g
D<0,b>0 G, = Py _T‘D
1 + «/7 ‘3T 30
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where

1 Ce0 Yi%iidRe O

2 (H-148)
n, = USDZW..W..%D
2 &D ) IJDReD
0 0
P = _i r=- - (H-149)
1 2
Ml (n,L,)
1 0 2 1 2 2 2
q = . 2[(Ll) +n1L1L2—§n1(L3) +2n,(L,) } (H-150)
(thl)
2
1 3
a:%‘%g b = 5(2p" - 9pq +27)
(H-151)
D:b_2+a_3 COSe: _b/2
v /\/—a3/27
-L,G, +2L5G,
27 0 1 37 o 1o (H-152)
Ly -mL,G L;-nL G,
_ C, 2
: 2= 773
L C1 C
b2 Ly = =-1 (H-153)
11 2
L,=C,+2 c,
L, = 5 -1
C, = 0.36
C, = 34
) C; = 125 (H-154)
C, =18 C, = 04
For the general form in Equation (H-30),
X =k (H-155)
_ 1 r9uiiMag rse
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SD’k - _85%% (H-157)

_1 0 “TDak dVIWD
P = pa_x][%l OkEBx}DReD (H-158)

and
Xe = € (H-159)
Sp,e = : Ta tiger +C, €2u[$&[f[{wwm (H-160)
P,e ~ p 1k Uax ORe U &k p Dax 00Re D
82 Re

SD'E - _CEZE%W% (H-161)

— 10 p‘TDaa oo[]
Pe = pa—xj|:HJ+ o, x]]DReD (H-162)

H.5 Generalized Coordinate Form

For the transformation from Cartesian coordinates to generalized coordinates, for
example,

ok ok ok ok
u]-ax UG_E V— Wa—Z (H-163)

where

U = Exu+Eyv+Ezw+Et
Vi=nau+ny+nw+n, (H-164)

W = qu+Zyv+Zzw+Zt

In the diffusion-type terms, cross-derivative terms are neglected. For example,
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0 akD akD okp 9 okp
Ox DﬁxaE% aED+ Eyaz%yuaam+ Ezﬁgzuazm (H-165)
okp, okp, L OkO
nxan%lxuanﬂ nyan%y“anm nzan%z al’]D
okp
xazg “a ZJ’GZ%)’“@ Zzaz%z“azm

An example of the discretization is given for the first term on the right-hand side of Equa-
tion (H-165):

k k
xaE%xuaEE E E +1B3_EE} 1—Ex1§x_ lui_l%%_l (H-166)
2 2 22 2
where
glg% 1= Kia-k [{3_12% 1 = ki-k; (H-167)
+§ -3
The locations of the indices are shown in Figure H-2.
i-1 e 4 ® i+1
A
|
i—Tl iTl
2 2

Figure H-2. Definition of left and right states for generalized coordinate transformation.

H.6 Initial Conditions

For the Baldwin-Barth and Spalart- Allmaras models, the levels of the turbulence quan-
tities R and V are initialized at their free-stream levels everywhere in the flow field. For the
two-equation models, it helps the solution start-up phase to initialize the k and w (or k
and €) values to crude profiles that simulate typical profiles in a boundary layer. Currently,
for k - w:
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ke = max(ky, - C,d” + C,d)

(H-168)

C, k
_ [l uic
W = max - 12444d + 0.54, v3d O

where d is the distance to the nearest wall, scaled by Re/5.e6; and, for EASM models,

C“ = 0.09 ; otherwise, Cu = 1.0 . Also,

100k,

v3d = max[ ,0.009}

max

(H-169)

For k - €:
k;- = min{zk4, max[zkl, min(zk2, zk3)]} (H-170)

zkl = k

00

- 471d + 0.47
zk2 = 10 "
(H-171)

k3 = 10° 37.5d - 3.7

zk4 = 6.7d

€ c = min{ep4, max[epl, min(ep2, ep3)]} (H-172)

epl = €,

ep2 - 10” 555d -6

ep3 - 10~ 280d-9.2

(H-173)

mln( 1 XIOZO, 1013333d - 9.8)

ep4

H.7 Boundary Conditions

H.7.1 Free-stream Levels

For the Baldwin-Barth model,

296 CFL3D User’s Manual



H.7.2 Boundary Conditions at Solid Walls

= 0.1 (H-174)

For the Spalart-Allmaras model,

A

V, = 1.341946 (H-175)

For the standard k - w or Menter’s SST models (C,, is incorporated into the definition

of ),
k, = 9%x10"
] (H-176)
W, = 1x10
For the EASM (k — w) models,
ky, = 9% 10~
. (H-177)
W, = 9%x10
For the k — € models,
k, = 1x10"
(H-178)
g =1x10""
The end result for all models is
K1 o [J0.009 (H-179)

in the free stream. Note that w, = 9 x 10"° and €, = L X 10™" for the EASM models
are based on C; = 0.09, which is only approximate since C,, is variable. Also note that

for two-equation models in the code, € (or W) is represented by the 1st turbulence variable
(e.g., tur10), and k by the 2nd (e.g., tur20).

H.7.2 Boundary Conditions at Solid Walls

With the parameters known at the cell-centers near the solid wall boundary (see the
wall region schematic in Figure H-3), the following boundary conditions are applied.

For Baldwin-Barth,

R =0 (H-180)
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o2

| *

7////1’////, T

d,

Figure H-3. Parameter locations at wall boundary.

For Spalart-Allmaras,

v=2~0 (H-181)
For the k - ® models,
k, =0 (H-182)
60 .
W, = ul 2%{§6E (H-183)
plﬁ(dl)

where
B = 0.83 for the EASM k — 0 models and
B = 0.075 otherwise.

For the k- € models,

k, =0 (H-184)
_ 2@k (Moo
8w - p Da uVDRGD (H-185)

where n is the direction normal to the wall.

Note that the actual wall boundary conditions for the turbulence quantities (unlike the
primitive variables) are applied at ghost cells. Hence,

Xsc = 2Xy — X1 (H-186)

where X represents R, V, k, W, or €.
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H.8 Solution Method

Version 4.1 of CFL3D applied the above boundary condition for w (Equation (H-183))
at the ghost cell center rather than at the wall. This is not correct, but supposedly any wall
boundary condition for w that is bigger by some factor than the “analytical” value

61,/ (pB yz) gives basically the same result. (See reference 26.) The current version of
CFL3D (Version 5.0) obtains the ghost cell value using linear interpolation from ,, and

w, (or €, and €, ).

H.8 Solution Method

The one or two equations are solved, decoupled, using implicit approximate factoriza-
tion (AF). The S, terms are treated explicitly, lagged in time while the S, and D terms are

treated implicitly (they are linearized and a term is brought to the left-hand-side of the
equations). This procedure is described by Spalart and Allmaras®® (strategy #3). The advec-
tive terms are discretized using first-order upwinding. Treating the destruction terms
implicitly helps increase the diagonal dominance of the left-hand-side matrix. Most of the

Sp terms are linearized in a simplified fashion by assuming no coupling between the vari-

ables. For example,

ko V) Ok ™ + %(B’koo)Ak (H187)

0B kw™ + B’ wAk

For the S, terms in the k - € equations, however, a more sophisticated approach was
taken. When linearizing, the k and € variables are assumed to be coupled, with the eddy
viscosity [ assumed to be fixed. For example, in the k equation, S, = -&(Re/M,,) is

linearized as follows:

(n+1) 4 (n) O
€ e +a—k(8)Ak (H-188)
2
c kO
D%:(n)+i “f“p [Ak
okg Hr QO
C k
e 4, SuuPk
Hr
(n) €
(e +2kAk
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2
The S, = —CEZ% f,(Re/M,) term in the € equation is treated similarly, for consis-

tency:

2(n+1) 2(n)
€ € 0 E§
A O T + 3e0k EAE (H-189)

ko 20y,

2(n)

€ 3¢
DE +§1—<A€

Menter’s SST k — w model has an additional cross-diffusion term in the W equation. This
term is treated implicitly (See reference 26).

ij 1) O CE:) + aiwaAoo (H-190)

C
oct) - |—£1|Aw

(The negative sign insures that, when taken to the left-hand side, this term increases the
diagonal dominance of the implicit matrix.)

H.8.1 Example

This example shows the solution method for the k equation in Menter’s SST model. All
other equations are solved in a similar fashion.

ok BMoo DReD 10 Hrook d\io[
FT Ja - oPige - PRl pa—[a”oktaxjmzzet wen

00

Written in generalized coordinates, with the production term treated explicitly (lagged in
time), this equation becomes:
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ak(n+1) Uak(n+1) Vak(n+1) ok(n+1)

ot BERRFY: an i (192
+ pPkDRwD( . B'kw E@id“l)
[z +E +£)E¢1+“ng§§
danU+n)% ﬁ&%ﬁg
61@( o gt

. . 2 22 g2
where the superscripts denote the time level. Note that the terms (&} + & )t &) etc. are

not strictly correct as written. This is really short-hand notation. The correct way to
expand the diffusion terms is given in “Generalized Coordinate Form” on page 294. This
section also indicates how these metric terms are discretized.

U=¢&u+&v+iw+g,
V = Neu+n,v+nw+n, (H-193)

W = qu+Zyv+Zzw+Zt
Define
Ak = k"D g (H-194)
Then, t-T'S subiterations are used (see Appendix B). (If no subiterations, then m = n.)

(1 + (p)(k(m+ 1) _ k(”)) _ (p(k(") _ k(”— 1))
At

= RHS, (H-195)

@ = 0 for Ist order in time (also used for non-time-accurate runs), @ = 1/2 for 2nd
order in time. Linearize the right-hand-side terms that are taken at time level (m + 1):

ak0"+1) ak

OKM upwind _
65 - 05 Ud; (Ak) (H-196)

CFL3D User’s Manual

301



APPENDIXH Turbulence Model Equations

ORe Ly, M+ _ Re " ( ) ORe
_QEOHS koo D_QEO%S %3 w(Ak) (H-197)
m+1) d
Mool 0 1 a_kd Mot 0 O ok Mer 9
DReEbﬁgxzagg DDReEbﬁBKEaEE ORe Ebaz{ XeO:(AK)}  Hase

where X; represents (E +E +¢& )81 HTD

The equation is approximately factored and the contribution of the S term to the left-

hand side is added in the first factor only.

upwind ORe [T, E‘{wooml 0
2[(1 + @)+ AtUd; + At —%3 w—AtDR Ebaz(xzéz)} (H-199)

upwind [jwooml 0
[(1 FQT+AVE, A= Eban(xnéﬂ)}

upwind dwmml 0 _
[(1 + Q)+ AtWS, - Ebaz(xzéz)}Ak - R

(1+9)

R = AtRHSk + (pAk(" - _ (1+ (p)(k(m) - k(n)) (H-200)

This equation is solved in a series of three sweeps in each of the three coordinate direc-
tions:

upwind D_B__e— Py d}f{o.oljl 0 -
[(1 - @1+ AUs "+ A - A Eba—a(xzéz)}Ak - R

upwin 00 1 a
[(1+(p)I+AtV6 4 d—Atgz Eba (xnén)} = (1 + @)AKD

(H-201)

upwind [jwooml 0
[(1 + Q)T+ AtWS, - e Ebaz(xzéz)}Ak = (1 +@)Ak

KD = 1l Ak
Each sweep requires the solution of a scalar tridiagonal matrix. In versions of CFL3D prior

to March 2002, @ = 0 always for the turbulence equations, regardless of the temporal
order of accuracy of the mean flow equations.

H.9 Limiting

As a precaution, many of the turbulence quantities are limited in practice. Whether all
of these conditions are necessary or not for the models to work and/or converge well is
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unknown. Some are probably included only because they were tried at some point and
never removed.

* In all models, the linearized S, term is added to the left-hand-side matrix only if its

contribution is positive.

* In all models, the terms D, V, k, 0, and € are not allowed to become negative. If the
equation “wants” to yield a negative value, it is instead set to some very small positive
number. (A counter also sums the number of times this happen and it is output in the
*.turres output file.)

o In all the k - W models as well as the k — € models for Abid and Gatski-Speziale, the

production term in the k equation (i.e.

lTTau dwooD
p ’Jax ORe O

or an approximation thereof) is limited to be less than or equal to 20 times the
destruction term in that equation.

* In all EASM models, the 1,,, T,,, and T5; terms are limited to be positive (realizabil-

ity constraint).

" is limited to be positive.

ou
¢ In all EASM models, the production term T; £
j

* In the Girimaji EASM models, the production term

ITTau dwooD
p ’Jax ORe O

is limited (in both the k and € equations) to be less than or equal to 4085%%

* In the Girimaji EASM models, the term

_fﬁdw
e 2p s .00

'Ol'C

is limited to be positive.
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* In all two-equation models, the nondimensional eddy viscosity H; is limited to be
less than or equal to 100,000.

* In the Gatski-Speziale EASM models, n2 and Zz are each limited to be less than or
equal to 10.

* In the Gatski-Speziale EASM models, C,, is limited to be between 0.005 and 0.187.
*Inthe k - € models, f, is limited to be less than or equal to 1.

* In the Girimaji EASM models, N, and n, are each limited to be less than or equal to
1200.

* In the Girimaji EASM model, G, is limited to be between -0.005 and -0.2.

* In the Gatski-Speziale EASM k — w models, “w” in the denominator of the nonlinear

. T. 1. .
terms in T;; is limited to be greater than or equal to the free-stream value of .

PP . . . T .
e In the EASM k - € models, “€”in the denominator of the nonlinear terms in T jj is

limited to be greater than or equal to the free-stream value of € only in terms that

appear in the Navier-Stokes equations. This limiting is not done for the T;; terms that

appear in the S, terms in the k and € equations.

* In the one- and two-equation models, the diffusion term in one coordinate direction,
for example, can be written as

or.o
ﬁ[B%} = Bi+%xz’+1 - %i+%+Bi_l%<i+Bi_lxi—l

2 2

In Baldwin-Barth and Spalart-Allmaras, the terms are limited as follows:

[l
B = , 0
i+ = max%z#l O
2
B | = max%ﬁ' 1,0%
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H.10 Wall Function

A simple approach for wall functions is taken from Abdol-Hamid, Lakshmanan, and
Carlson'. This approach modifies the eddy-viscosity value iy , at the wall only. The wall

shear stress is estimated from law-of-the-wall values at the first cell center off the wall and
is used to determine an “equivalent” eddy viscosity at the wall.

Wall functions can be employed when the grid spacing is too coarse in the direction

normal to the wall; typically y* lies in the range 30 < y* <200. (The y" value of the first
grid point off the wall should be O(1) to ensure decent turbulent computations when no
wall functions are used. See Section 2.2.) Wall functions are invoked in CFL3D by setting
the value of ivisc(m) to be negative.

A caution: While wall functions can work very well, they can also sometimes cause
problems. They are not strictly valid for separated flows, although many people use them
anyway with reasonable success. It is recommended that wall functions not be used with
the Baldwin-Lomax model in CFL3D. With other turbulence models, it is recommended
that they be used sparingly, if at all. In our opinion, it is better to make a turbulent grid

" = 0(1)) whenever possible and avoid the use of wall functions.

(y
The wall function replaces the eddy viscosity at the ghost cell center at walls as follows:

IJT, ghost = 2I"lT, w I“lT, 1

n' “1 Mopy

’ Pup 2-Re _
IEByDld (H-202)
Du _ «/(”1 " “w)2 + (v - VW)2 +(w, - ww)2
Loyt d

where d, is the distance to the nearest wall from the first cell center off the wall and

CFL3D User’s Manual

305



APPENDIXH Turbulence Model Equations

for R, <20.24 n" = /R,

7

for 20.24 <R_< 435 n" = a,(1)+ S a (n)R! !
n=2
N 5 it (H-203)
for 435 < R_ <4000 n = a;(1)+ z a;(n)R,
n=2
3
+ -1
for R_> 4000 n = a,(1)+ z az(n)R?
n=2
2 2 2
R - pM/(u1 —uy) (v - vy) (W - w ) d qRe
= T (H-204)
¢ I“ll |:‘P\4oo|:|
a,(1) = 5777191
a(1) = 2.354039 a,(2) = 6.8756983x10
a,(2) = 0.117984 _
(2) a,(3) = -7.1582745x10"°
-4
a,(3) = -4.2899192x10 _
o(3) a,(4) = 1.5594904x10"
-6
a,(4) = 2.0404148x10 _
o(4) a,(5) = —1.4865778x10 " (H-205)
ay(5) = -5.1775775%10"
a,(6) = 6.2687308x10 "~ a,(1) = 31.08654
-2
a0(7) - —2.916958X10_15 32(2) = 5.0429072x10
a,(3) = -2.0072314x10"°
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